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a b s t r a c t

In this article, we present a unified analysis of the simple technique for boosting the order
of accuracy of finite difference schemes for time dependent partial differential equations
(PDEs) by optimally selecting the time step used to advance the numerical solution and
adding defect correction terms in a non-iterative manner. The power of the technique,
which is applicable to time dependent, semilinear, scalar PDEs where the leading-order
spatial derivative has a constant coefficient, is its ability to increase the accuracy of for-
mally low-order finite difference schemes without major modification to the basic numer-
ical algorithm. Through straightforward numerical analysis arguments, we explain the
origin of the boost in accuracy and estimate the computational cost of the resulting numer-
ical method. We demonstrate the utility of optimal time step (OTS) selection combined
with non-iterative defect correction (NIDC) on several different types of finite difference
schemes for a wide array of classical linear and semilinear PDEs in one and more space
dimensions on both regular and irregular domains.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

High-order numerical methods for partial differential equations (PDEs) will always be valuable for increasing the compu-
tational efficiency of numerical simulations. Thus, it is not at all surprising that a great deal of effort in numerical PDEs con-
tinues to be focused on the development of high-order numerical schemes [1–7]. Typically, high-order accuracy is achieved
by constructing schemes that are formally high-order accurate. However, high-order accuracy can also be obtained by using
formally low-order schemes in clever ways (e.g. Richardson extrapolation and compact finite difference schemes [1]). When
possible, the latter approach can be a powerful way to boost the accuracy of a numerical method without introducing too
much additional algorithmic (and programming) complexity.

One increasingly important approach for improving the accuracy of a numerical algorithm is optimization of its numerical
parameters (e.g. Dx and Dt). For some problems, this optimization can dramatically increase the accuracy of the numerical
solution. Two well-known examples are: (1) the unit Courant–Friedrichs–Lewy (CFL) condition, Dt = Dx/a, for the first-order
upwind forward Euler discretization of the linear advection equation, which completely eliminates the numerical error
introduced by the scheme [8] and (2) the boost from second- to fourth-order accuracy that results if the time step is set
to Dt = Dx2/6D when solving the 1D diffusion equation using forward Euler time integration with the standard second-order
central difference approximation for the Laplacian.

In this article, we present a unified analysis of the simple technique for boosting the order of accuracy of finite difference
schemes for time dependent PDEs by optimally choosing the time step and, when necessary, adding defect correction terms
in a non-iterative manner. This technique, which is applicable when the leading-order spatial derivative in a semilinear,
scalar PDE has a constant coefficient, is a systematic generalization of the ideas underlying the previously mentioned
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examples and specific examples that are scattered throughout the literature. Optimal time step (OTS) selection is based on
the observation that a carefully chosen time step can simultaneously eliminate low-order terms in both the spatial and tem-
poral discretization errors. At its essence, OTS selection combines the powerful idea of optimally choosing numerical param-
eters with the approach of using knowledge of the structure of the PDE to reduce numerical error. The end result is a strategy
for boosting the order of accuracy of algorithmically simple and computationally low-cost numerical schemes.

While OTS selection alone is sufficient to allow a formally low-order method to deliver high-order accuracy for some
problems, defect correction terms are generally required to eliminate residual terms in the leading-order truncation error.
However, unlike traditional defect correction methods [9–13], using OTS selection eliminates the need to incorporate cor-
rection terms that involve derivatives of higher-order than those that appear in the original PDE. Another significant feature
of OTS selection with defect correction is that the defect terms are incorporated in a non-iterative fashion. In contrast, tra-
ditional defect/deferred correction approaches typically require several refinement iterations at each time step to boost
the order of accuracy of the numerical solution. OTS with non-iterative defect correction (OTS–NIDC) also differs from the
method of modified equations [14] for eliminating higher-order corrections to the truncation error because it uses an opti-
mal time step, not explicit inclusion of correction terms, to regularize the singularly perturbed modified equations – the cor-
rection terms that remain when using OTS–NIDC are all regular perturbations to the original equation.

As a technique for enhancing numerical methods, OTS–NIDC has several desirable features. Like any technique that leads
to high-order methods, OTS–NIDC produces schemes that greatly reduce the computational cost required to obtain a numer-
ical solution of a desired accuracy. However, its real power comes from the fact that it achieves high-order accuracy while
being based solely on very simple, formally low-order finite difference schemes without requiring special algorithmic steps.
In other words, OTS–NIDC allows us to extract as much accuracy as possible from simple numerical schemes with minimal
additional work. For instance, we will see how OTS–NIDC makes it possible to achieve fourth-order accuracy for the diffusion
equation in any number of space dimensions using only a second-order stencil for the Laplacian and explicit time integra-
tion. Moreover, high-order accuracy is not restricted to problems on simple, rectangular domains; irregular domains are
straightforward to handle by appropriately setting the values in ghost cells [3,4,15,16]. OTS–NIDC is even beneficial when
using finite difference schemes to solve some nonlinear PDEs.

This article is organized as follows. In Section 2, we compare OTS–NIDC to related numerical techniques. In Section 3, we
present the theoretical foundations of OTS–NIDC and show how it boosts the order of accuracy for formally low-order numer-
ical schemes. In Section 4, we demonstrate the utility of OTS–NIDC to problems in one space dimension by applying it to finite
difference schemes for several classical linear and nonlinear PDEs. In Section 5, we show that OTS–NIDC is useful for problems in
multiple space dimensions by applying it to the 2D linear advection equation and the 2D diffusion equation. To illustrate the
ease with which high-order accuracy can be achieved for problems on arbitrary domains, the 2D diffusion equation is solved on
both regular and irregular domains. For each PDE in Sections 4 and 5, we provide the numerical analysis required to calculate
the optimal time step size, the defect correction terms, and the order of accuracy. Note that in order to emphasize the method,
we have chosen to apply it to relatively simple problems rather than use it to tackle ‘‘real-life’’ applications. The method, how-
ever, is not restricted to these simple examples. Finally, Section 6 offers some concluding remarks.

2. Theoretical comparisons with related numerical techniques

2.1. Comparison with defect/deferred correction methods

Defect/deferred correction is a well-known strategy for boosting the order of accuracy of finite difference schemes for
time dependent PDEs. It usually takes one of two forms: (1) iterative refinement of the numerical solution [9–13] or (2) der-
ivation of high-order compact schemes for the spatial derivative operator treating time derivatives as source terms [1,4,6].

For iterated defect/deferred correction, the numerical solution at each time step is computed by iteratively adding cor-
rection terms that are calculated from lower accuracy iterates. When used to improve the temporal order of accuracy, the
iterative approach helps to ensure stability of the time integration scheme [13]. Although there are instances where iterative
defect correction has been used to eliminate both spatial and temporal errors [11], it is usually used to improve only one of
these errors [9,12,13]. Unlike iterated defect correction, OTS–NIDC requires no iteration during each time step because it
computes correction terms using only the solution at the previous time step(s) (as opposed to requiring an estimate of
the solution at the current time).

High-order compact schemes focus on eliminating spatial discretization errors when deriving the semi-discrete equations.
When applied to time dependent PDEs, a high-order compact scheme for the spatial derivative operator is derived treating
time derivatives as source terms [1,4,6]. After deriving the high-order spatial discretization, any time differencing scheme
may be applied to discretize the time derivatives. While this approach is very general, it really only provides a mechanism
for reducing spatial discretization error. Temporal discretization errors are completely controlled by the choice of time differ-
encing scheme. Note that because high-order compact schemes for the spatial derivative operators involve spatial derivatives
of the source term, the resulting schemes are always effectively implicit (even if all of the spatial derivative terms are treated
explicitly).

OTS–NIDC has several advantages over both of these defect correction techniques. First, OTS–NIDC is generally more com-
putationally efficient than both iterated defect correction and the high-order compact scheme approach because it requires
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less memory and, for many problems, admits simple explicit time integration schemes. Second, OTS–NIDC inherently con-
trols both spatial and temporal numerical errors at the same time. Finally, taking advantage of relationships between spatial
derivatives, temporal derivatives and source terms, OTS–NIDC avoids the need to explicitly incorporate finite differences of
high-order derivatives of intermediate solutions in order to eliminate discretization errors. Compared with iterated defect
correction, OTS–NIDC makes it easier to avoid instabilities that arise from the presence of finite difference discretizations
of high-order temporal derivatives by automatically eliminating the most problematic correction terms. Comparing to the
high-order compact scheme approach, the use of an optimal time step in OTS–NIDC means that mixed spatio-temporal par-
tial derivatives do not need to appear in the fully discrete equations.

2.2. Comparison with the modified equation method

Both defect and deferred correction can be viewed as special cases of the method of modified equations [14]. When using
any modified equation method, the basic approach is to derive a modified version of the original PDE through the introduc-
tion of the leading-order terms of the discretization error into the PDE. Unfortunately, the modified PDE is a singular pertur-
bation to the original PDE due to the presence of the discretization parameters in the correction terms. Because the singular
perturbation can lead to numerical instabilities, finding a way regularize the modified equation is an important step for
developing any numerical method based on the modified equations method.

Whereas deferred correction methods deal with the singular perturbation by using an iterative procedure to avoid numer-
ical instabilities, the traditional method of modified equations [14] handles the singularity by ‘‘pushing’’ the singularity to a
higher-order term in the discretization error. The basic procedure involves substituting derivatives that appear in the singular
term with expressions obtained by taking derivatives of the original PDE. This procedure yields a new modified equation where
high-order derivatives of the solution are replaced by derivatives of source terms and the new singular term is of sufficiently
high-order in the discretization parameter that it can be neglected in the construction of the numerical scheme.

While OTS–NIDC, like defect/deferred correction, falls within the general framework of the method of modified equations,
it is an important special case because regularization of the singular perturbation in the modified equations is automatic.
Regularization results from selecting the time step so that the spatial and temporal singular perturbation terms exactly can-
cel each other rather than through an iterative refinement procedure. By constraining the relationship between the time step
and grid spacing, the modified equation becomes a regular perturbation to the original PDE. In the special case when OTS–
NIDC does not require defect correction, the modified equation is actually exactly the same as the original equation – no reg-
ular perturbation terms remain after the singular perturbation terms have been eliminated.

There are several advantages of OTS–NIDC over traditional modified equation methods. First, because no finite difference
approximations of higher-order derivatives are required, numerical schemes based on OTS–NIDC do not require additional
boundary conditions. Second, derivation of the optimal time step and correction terms for OTS–NIDC requires a comparable
amount of analysis as the traditional modified equation method. In both cases, we need explicit knowledge of the leading-
order terms in the discretization error. Finally, because the leading-order terms in the discretization error are eliminated
implicitly rather than explicitly as additional terms in the numerical scheme, the computational performance of OTS–NIDC
is often superior to the performance of traditional modified equation methods.

2.3. Comparison with adaptive time stepping methods

OTS–NIDC is distinct and separate from traditional adaptive time stepping techniques [17,18] that are used in the context
of the method of lines [17,19]. While both methods reduce numerical error by controlling the time step, the numerical errors
they control are fundamentally different. Adaptive time stepping can only be used to reduce temporal discretization errors
because it controls the errors that arise when solving the coupled system of ODEs for the semi-discrete approximation to the
PDE; the spatial discretization errors are completely controlled by the finite difference scheme selected to approximate the
spatial derivatives. In contrast, optimal time step selection simultaneously reduces both the spatial and temporal discretiza-
tion errors because it uses information from the PDE to choose the time step. Another important distinction between the two
techniques is that optimal time step selection uses a fixed time step which makes it significantly less computationally com-
plex than adaptive time stepping methods.

3. Theoretical foundations of OTS–NIDC

Technically, OTS–NIDC is not by itself a method for constructing finite difference schemes. Rather, it is a way to enhance
to the performance of existing finite difference schemes by carefully choosing the time step to eliminate leading-order terms
in the discretization error. The two key ideas underlying OTS–NIDC are (1) a judicious choice of time step can be used to
eliminate the leading-order (and possibly higher-order) terms in the error and (2) the PDE provides valuable insight into
the relationships between terms in the discretization error. In this section, we present and analyze the technique of OTS–
NIDC for finite difference schemes constructed to solve scalar evolution equations of the form

@u
@t
¼ Fðx;uðxÞ;DuðxÞ;D2uðxÞ; . . .Þ; ð1Þ
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where the right hand side is an arbitrary function of the solution u, its spatial derivatives, and the independent variable x.
Because this class of time dependent PDEs is so prevalent and important, restricting our attention to problems of this form
is not a serious limitation. The same principles apply to finite difference schemes for general PDEs.

3.1. Optimal time step selection for a model PDE

Let us begin by considering a finite difference approximation for the following time dependent PDE in one spatial
dimension:

@u
@t
¼ A

@nu
@xn

; ð2Þ

where A is a constant of the appropriate sign so that (2) is well-posed. Because we will be boosting the accuracy of the finite
difference approximation by optimizing the time step, there is no reason to explicitly construct the scheme to be high-order.
In fact, using a high-order finite difference scheme only complicates the analysis required to calculate the optimal time step.

To compute the optimal time step, we first analyze the discretization errors for the finite difference approximation,
explicitly keeping track of the leading-order terms. Because each term in the error is proportional to a partial derivative
of the solution, we can use the PDE to relate the leading-order terms to each other. For many finite difference schemes, this
careful analysis yields a direct relationship between the leading-order spatial and temporal errors that allows them to be
combined as a single term of the form:

ðLuÞPðDx;DtÞ; ð3Þ

where L is a differential operator and P is a simple function of the numerical parameters Dx and Dt. By selecting the time
step so that P = 0, we can completely eliminate the leading-order term in the discretization error. The time step selected
in this way is the optimal time step for the finite difference scheme. Using the optimal time step for time stepping yields
a numerical solution with an effective order of accuracy that is higher than the formal order of the original finite difference
scheme.

An important class of finite difference schemes for time dependent PDEs are those based on the method of lines. When
the method of lines [17,19–21] approach is used for (2), P often takes a particularly simple form:

PðDx;DtÞ ¼ ðaDxr � bDtsÞDt; ð4Þ

where r and (s + 1) are the orders of the leading spatial and temporal discretization errors, and a and b are constants that
depend on the details of the PDE and finite difference scheme. Setting P = 0, we find that the optimal time step is given by1

Dtopt ¼ ða=bÞ1=sDxr=s: ð5Þ

An important assumption in the above analysis is that a and b have the same sign. If this condition is not satisfied, (e.g.
finite difference scheme for the diffusion equation based on the standard central difference stencil for the Laplacian and
backward Euler time integration), then OTS selection is not applicable because none of the zeros of (4) is positive. Fortu-
nately, in this situation, it is usually possible to find a closely related finite difference scheme that has a positive optimal time
step.

3.1.1. Error analysis
The form of the local error in (4) follows from the fact that the method of lines first approximates the PDE as a system of

ODEs in time by only discretizing the spatial derivatives:

ut ¼ FðuÞ; ð6Þ

where u is the vector of values of u at the grid points and F(u) is the finite difference approximation of the spatial derivative
operator acting on u. The second term in the local error (4) arises directly from temporal discretization errors associated with
the numerical scheme used to integrate the system of ODEs in time. The first term arises because F is only an approximation
of the spatial derivative operators in the PDE. As a result, the system of ODEs (6) has an error due to the spatial discretization
at every point in time. For a spatial discretization error of order r, the error in (6) is O(Dxr), so the error accumulated during
each time step due to spatial discretization error is O(DtDxr). Because the method of lines is so frequently used to construct
finite difference approximations for time dependent PDEs, we will focus primarily on finite difference schemes of this type
for the remainder of the article. It is straightforward to extend the results we obtain to more general finite difference
schemes (e.g. the Lax–Wendroff scheme for the linear advection equation).

To analyze the accuracy of the finite difference scheme for (2) when the optimal time step is used, we examine the higher-
order terms in the discretization error. Elimination of the leading terms in the discretization error leaves a local error of the
form O(DtDxp) + O(Dtq+1), where p > r and (q + 1) > (s + 1) are the orders of the spatial and temporal discretization errors,
respectively, after the leading-order terms in the error have been eliminated. From the local error, we can compute the global

1 The Dt = 0 root of P is discarded because it is not numerically meaningful.
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error of the numerical solution over extended intervals of time by using the heuristic argument that the global error is equal
to the local error divided by Dt [19]:

e ¼ OðDxpÞ þ OðDtqÞ: ð7Þ

Because p > r and q > s, we see that using an optimal time step boosts the overall accuracy of the finite difference scheme.
It is important to emphasize that Dx and Dt are not independent in (7) because the time step must be set to Dtopt in order

to derive the error estimate. In other words, there is really only one parameter, Dx, that controls the numerical accuracy of
the finite difference scheme. Since Dtopt = O(Dxr/s), the global error (7) reduces to

e ¼ OðDxminðp;rq=sÞÞ: ð8Þ

3.1.2. Stability considerations
We have not yet considered the issue of numerical stability of finite difference schemes when the time step is set to Dtopt.

For explicit time integration schemes, OTS–NIDC is ineffective when the optimal time step is greater than the smallest stable
time step. In this situation, it is necessary to replace the finite difference approximation of the PDE. For example, if the dif-
fusion equation is solved using a finite difference scheme based on forward Euler time integration and a discretization of the
Laplacian with an isotropic leading-order truncation error (see Section 5.3), the optimal time step becomes unstable when
the dimension of space is greater than 3. To make OTS–NIDC useful for diffusion problems in four and more space dimen-
sions, we can switch to the DuFort–Frankel scheme, which is explicit and unconditionally stable [19].

3.1.3. Computational performance
For many problems, the optimal time step is on the order of the maximum time step allowed by the stability constraint

for an explicit method. As a result, using the optimal time step to advance the finite difference scheme in time may appear to
be overly restrictive. However, this apparent drawback is more than compensated by the boost in the order of accuracy. For
example, when solving the diffusion equation using a forward Euler time integration scheme with a second-order central
difference stencil for the Laplacian, we obtain a fourth-order scheme when Dt is set equal to the optimal time step (discussed
further in Sections 4.3 and 5.3). As Table 1 shows, this boost in accuracy leads to a scheme that is asymptotically computa-
tionally cheaper than traditional implicit schemes that use the same low-order finite difference stencils. The performance
gain for problems in higher spatial dimensions is even more impressive. As we can see in Table 2, the gap between the per-
formance of a simple forward Euler scheme with the optimal time step and the Crank–Nicholson method grows with the
spatial dimension of the problem.

3.2. OTS–NIDC for general PDEs in one space dimension

In the previous section, we analyzed optimal time step selection in the context of a simple model PDE in one space dimen-
sion. For more general PDEs, OTS selection continues to be useful, but it needs to be augmented with defect correction

Table 1
Computational cost of various finite difference schemes for the 1D diffusion equation as a function of the global numerical error e. For all of
the schemes, the standard second-order central difference stencil is used to discretize the Laplacian. Note that the time step for the
backward Euler scheme is chosen so that the temporal error is subdominant to the spatial error and that the computation time for the
Crank–Nicholson method assumes an O(N) = O(1/Dx) matrix inversion algorithm.

Numerical scheme Dx Dt Memory Compute time

Forward Euler O(e1/2) O(e) O(e�1/2) O(e�3/2)
Backward Euler O(e1/2) O(e) O(e�1/2) O(e�3/2)
Crank–Nicholson O(e1/2) O(e1/2) O(e�1/2) O(e�1)
Forward Euler with OTS–NIDC O(e1/4) O(e1/2) O(e�1/4) O(e�3/4)

Table 2
Computational cost of the forward Euler scheme with OTS–NIDC and the Crank–Nicholson method for solving the diffusion equation as a
function of the global numerical error e. Note that the computation time for the Crank–Nicholson method assumes an O(N) = O(1/Dxd)
matrix inversion algorithm. A comparison of computational costs in higher spatial dimensions continues along the same trends but requires
replacement of the conventional forward Euler time integration scheme with an alternative for which the optimal time step is stable (e.g.
the DuFort–Frankel scheme).

Dimensions Forward Euler with OTS–NIDC Crank–Nicholson

Memory Compute time Memory Compute time

1 O(e�1/4) O(e�3/4) O(e�1/2) O(e�1)
2 O(e�1/2) O(e�1) O(e�1) O(e�3/2)
3 O(e�3/4) O(e�5/4) O(e�3/2) O(e�2)
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(incorporated in a non-iterative manner) to achieve the same improvement in the order of accuracy. In this section, we dis-
cuss OTS–NIDC in the context of general constant coefficient, linear PDEs and semilinear PDEs.

3.2.1. General constant coefficient, linear PDEs
Let us consider a general constant coefficient, linear PDE of the form

@u
@t
¼
Xn

k¼1

Ak
@ku
@xk
þ f ðx; tÞ: ð9Þ

Even if we use the PDE to relate terms in the discretization error, it is unlikely that all of the dominant terms in the error can
be combined into a single term. As a result, the leading-order discretization error is generally a sum of several terms:

Dt ðLuÞðaDxr � bDtsÞ þ ðL0uÞDxr þ ðL00uÞDts þ ðGf ÞDts
� �

; ð10Þ

where L, u, a, b, r, and s are defined as in (3) and (4), L0 and L00 are the linear spatial differential operators associated with the
leading-order terms in the discretization error that are not involved in the choice of the optimal time step, and G is a spatio-
temporal differential operator that acts on the source term f. Note that neither L0 nor L00 involve any temporal differential
operators because any that arise can be eliminated using the PDE (9).

From (10), it is clear that setting Dt = Dtopt is not enough to completely eliminate the leading-order error. To eliminate the
vestigial errors, we need to add defect correction terms to cancel out the second, third, and fourth terms in (10). To advance
the solution to the next time step, the second and third terms in (10) can be approximated using finite differences applied to
the solution u at the current time. The last term can be computed using either a finite difference approximation or a direct
analytic calculation. With the addition of these correction terms, the global error can be determined using the analysis in
Section 3.1.1.

Some care must be exercised when choosing the finite difference stencils for the correction terms. While the order of
accuracy will always be boosted, the finite difference stencils used for the correction terms can introduce errors into the
numerical solution that will cause the order of accuracy to fall below the estimate given by (8).

3.2.2. Semilinear PDEs
OTS–NIDC can also be applied to semilinear PDEs of the form

@u
@t
¼ A

@nu
@xn
þ F

@n�1u
@xn�1 ;

@n�2u
@xn�2 ; . . . ;

@u
@x
;u

 !
þ f ðx; tÞ; ð11Þ

where F is an arbitrary function of the lower-order spatial derivatives of u and f(x, t) is a source term. While the coefficient on
the leading-order spatial derivative for a semilinear PDE is generally allowed to be a function of space and time, optimal time
step selection can only be applied when it is a constant. Because the PDE is linear in the leading-order spatial derivative, it is
natural to construct a finite difference scheme that treats F in an explicit manner and lets stability considerations determine
whether the A @nu

@xn term is handled explicitly or implicitly. Assuming that sufficiently high-order stencils are used to compute
F, the leading-order discretization error for such a finite difference scheme is given by

Dt ðLuÞðaDxr � bDtsÞ þ ðHuÞDxr þ ðH0uÞDts þ ðGf ÞDts
� �

; ð12Þ

where L, u, a, b, r, and s are defined as in (3) and (4), H and H 0 are spatial differential operators (potentially nonlinear) asso-
ciated with the leading-order terms in the discretization error that arise from the nonlinear term in (11), and G is a spatio-
temporal differential operator that acts on f. With the discretization error written in the form (12), the optimal time step and
defect correction terms can be derived by proceeding in the same manner as in the previous section.

3.3. Boundary conditions

In general, high-order discretizations of boundary conditions are required to ensure that errors introduced at the domain
boundary do not pollute the numerical solution in the domain interior. For Dirichlet boundaries, it is sufficient to impose
boundary conditions by using boundary values that have the same order of accuracy as the numerical scheme. More effort
is required to ensure that Neumann boundary conditions do not reduce the order of accuracy of the solution. In general,
Neumann boundary conditions require that the accuracy of ghost cells slightly exceeds the desired order of accuracy
for the solution. A detailed discussion of methods for imposing boundary conditions is beyond the scope of this article.
We refer interested readers to the thorough analysis presented in [19]. To avoid complicating the discussion in Sections 4
and 5, Neumann boundary conditions for all examples are imposed by taking advantage of knowledge of the analytical
solution.

3.4. OTS–NIDC selection in multiple space dimensions

OTS–NIDC is applicable to PDEs in any number of space dimensions. While problems in higher dimensions generally re-
quire a more careful choice of the finite difference stencil used to approximate spatial derivatives, there are no fundamental
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barriers that prevent the use of OTS–NIDC. Moreover, by using a ‘ghost cell’ or ‘ghost value’ method for imposing boundary
conditions [3,4,15,16], optimal time step selection can even be directly applied to problems on irregular domains.

One important issue that arises in multiple space dimensions is the choice of grid spacing. In general, the grid spacing
need not be equal in all spatial directions. For some problems, the ratio of the grid spacing in different coordinate directions
may need to be carefully chosen for an optimal time step to exist. In other words, it may be necessary to optimally choose
both the time step and the mesh in order to boost the order of accuracy.

4. Application to PDEs in one space dimension

Because there are no geometry or anisotropy considerations, OTS–NIDC is very useful for boosting the accuracy of many
finite difference schemes in one spatial dimension. In this section, we demonstrate its utility in designing finite difference
schemes that solve several classical linear and semilinear PDEs. To emphasize the value of including numerical parameter
optimization as part of the design of any finite difference scheme, we include applications of OTS–NIDC to several different
types of finite difference schemes. The examples in this section were selected because they have analytical solutions that are
useful to compare numerical solutions against. However, the utility of OTS–NIDC is by no means limited to these simple
PDEs.

4.1. Unit CFL conditions for wave equations

In this section, we show how OTS selection naturally leads to unit CFL conditions for the linear advection equation and
second-order wave equation in one space dimension.

4.1.1. Linear advection equation
When the linear advection equation, ut + Aux = 0, is solved using a first-order upwind scheme with forward Euler time

integration, it is well-known that choosing Dt = Dx/jAj completely eliminates all numerical error in the solution (except
for errors in the initial conditions). This result is known as the unit CFL condition [8] and is usually proved by examining
how characteristic lines of the advection equation pass through grid points. Interestingly, the same optimal choice of time
step arises by applying OTS selection.

Using OTS selection, we begin by analyzing the discretization error for the first-order upwind, forward Euler scheme:

unþ1
j ¼ un

j � ADt
un

j � un
j�1

Dx

� �
; ð13Þ

where we have taken A to be positive for convenience. When applying OTS selection, we generally only need to keep track of
the leading-order terms in the discretization error. However, for the advection equation, it is valuable to retain all of them.
Using Taylor series expansions of the true solution of the PDE, it is straightforward to show that the evolution equation for
the error e � u� ~u is

enþ1
j ¼ en

j � ADt
en

j � en
j�1

Dx

� �
þ ADt

X1
k¼2

ð�1Þk

k!

@k~un

@xk
ðDxk�1 � ðADtÞk�1Þ; ð14Þ

where ~u denotes the true solution of the PDE, all derivatives are evaluated at (tn,xj), and we have used the PDE to replace all
of time derivatives with spatial derivatives.

From (14), we see that choosing the time step to eliminate the leading-order term of the discretization error leads to the
unit CFL condition and complete elimination of the local truncation error at each time step. It is interesting to note that OTS
selection applied to the Lax–Wendroff scheme [8,22] yields the same optimal time step and the same total elimination of the
truncation error.

4.2. Second-order wave equation

Numerical methods for the wave equation utt � c2uxx = f are typically derived by transforming the second-order equation
into an equivalent first-order system of equations. However, as Kreiss, Petersson, and Yström showed in [23], direct discret-
ization of the second-order wave equation is a viable option and leads to the following finite difference scheme that is sec-
ond-order accurate in both space and time:

unþ1
i � 2un

i þ un�1
i

Dt2 ¼ c2 un
iþ1 � 2un

i þ un
i�1

Dx2

� �
þ f : ð15Þ

The stability constraint for this scheme of the form Dt = KDx, where K is a constant.
To compute the optimal time step and correction terms for this scheme, we begin by deriving the truncation error for the

scheme. Employing Taylor series expansions and the observation that the true solution satisfies utttt = c4uxxxx + c2fxx + ftt, we
find that the error equation for (15) is given by
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enþ1
i ¼2en

i �en�1
i þDt2c2 en

iþ1�2en
i þen

i�1

Dx2

� �
þDt2

12
c2 @

4~u
@x4 ðDx2�Dt2c2Þ�Dt4

12
c2 @

2f
@x2þ

@2f
@t2

 !
þOðDt2Dx4ÞþOðDt6Þ: ð16Þ

Choosing Dt = Dx/c and adding the correction term Dt2(c2fxx + ftt)/12 to the right-hand side of (15) eliminates the leading-
order term in the local truncation error. Using the heuristic for two-step methods that the global error should be
approximately 1/Dt2 times the local error leads to a global error of O(Dx4) = O(Dt4)–a boost in the order of accuracy from
second- to fourth-order. Notice that as for first-order upwind, forward Euler and Lax–Wendroff schemes for the linear
advection equation, applying OTS selection to the KPY scheme leads to an optimal time step that satisfies the unit CFL
condition. However, unlike the schemes for the linear advection equation, the unit CFL condition for the KPY scheme
eliminates only the leading-order term in the truncation error. Fig. 1 demonstrates that the expected accuracy is indeed
achieved by applying OTS–NIDC to the KPY scheme.

An important property of the KPY scheme is that the error introduced during the first time step affects the global error at
all times. More specifically, a (p + 1)-order accurate first time introduces an O(Dxp) error into the solution at all future times.
Thus, we must ensure that the error introduced by the first time step is at least one order of accuracy higher than desired
accuracy for the numerical solution2.

Constructing a fifth-order approximation for the first time step is straightforward using a fifth-order Taylor series expan-
sion in time:

u1 ¼ u0 þ Dt
@u0

@t
þ Dt2

2
@2u0

@t2 þ
Dt3

6
@3u0

@t3 þ
Dt4

24
@4u0

@t4

¼ u0 þ Dt
@u0

@t
þ Dt2

2
c2 @

2u0

@x2 þ f

 !
þ Dt3

6
c2 @2

@x2

@u0

@t

� �
þ @f
@t

 !
þ Dt4

24
c4 @

4u0

@x4 þ c2 @
2f

@x2 þ
@2f
@t2

 !
: ð17Þ

Note that special care must be exercised if finite differences are used to compute the derivatives in (17) because higher-order
terms may be implicitly included by lower-order terms in the expansion if the initial time step is taken using Dtopt.

4.3. Diffusion equation

Solution of the diffusion equation, ut = D uxx, using forward Euler time integration with a second-order central difference
approximation for the Laplacian provides a familiar example where careful choice of the time step leads to cancellation of
the leading order spatial and temporal truncation errors. It is well-known that choosing the time step to be Dtopt = Dx2/6D
boosts the order of accuracy for this simple scheme from O(Dx2) to O(Dx4).

When a source term is present, boosting the order of accuracy requires the addition of defect correction terms. These cor-
rection terms are straightforward to calculate by examining the discretization error for the scheme

unþ1
j ¼ un

j þ Dt D
un

jþ1 � 2un
j þ un

j�1

Dx2

� �
þ f n

j

� �
; ð18Þ
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Fig. 1. L1 error as a function of number of grid points for the KPY discretization of the second-order wave equation with OTS–NIDC (blue circles) and
without OTS–NIDC (red squares). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

2 This requirement follows from a straightforward analysis of the second-order difference equation for the normal modes of the error.
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where f is the source term. Note that even though this scheme is formally first-order in time and second-order in space, the
stability constraint Dt 6 Dx2/2D implies that the scheme is O(Dx2) accurate overall (i.e. inclusion of the temporal order of
accuracy is irrelevant). Using Taylor series expansions and the PDE, ut = D uxx + f, we find that the truncation error is given by

@4~un

@x4

Dx2

12
� DDt

2

� �
ðDDtÞ � Dt2

2
D
@2f
@x2 þ

@f
@t

 !
þ OðDtDx4Þ þ OðDt3Þ: ð19Þ

From this expression, we easily recover the well-known optimal time step for the diffusion equation, Dtopt = Dx2/6D, and
identify the correction term Dt2(Dfxx + ft)/2.

From (8), we see that using the optimal time step and adding this simple correction term to (18) boosts the accuracy of
original scheme from second to fourth order. Note that to achieve fourth order accuracy, the spatial derivatives in the cor-
rection term must be calculated using a finite difference approximation that is at least second-order accurate; otherwise, the
truncation error will be O(Dt2Dx) which implies an O(DtDx) = O(Dx3) global error. The importance of the correction term is
illustrated in Fig. 2(a), which compares the accuracy of the OTS forward Euler scheme with and without the correction term.
As we can see, OTS forward Euler with correction term is fourth-order accurate while OTS forward Euler without correction
term is only second-order accurate.

4.3.1. DuFort–Frankel scheme
As mentioned earlier, the forward Euler scheme for the diffusion equation is unstable for problems in more than 3 space

dimensions. Fortunately, the OTS–NIDC makes it possible to construct a fourth-order accurate DuFort–Frankel scheme.
We begin by writing the DuFort–Frankel scheme in a form that is easily generalizable to higher space dimensions:

unþ1
j ¼ un�1

j þ 2Dt D
un

jþ1 � 2un
j þ un

j�1

Dx2

� �
þ f n

j

� �
� 2D

Dt3

Dx2

unþ1
j � 2un

j þ un�1
j

Dt2

 !
: ð20Þ

Note that the DuFort–Frankel scheme is essentially a leap-frog time integration scheme that is stabilized by the addition of a
term proportional to utt that vanishes in the limit Dt ? 0. This scheme is unconditionally stable and has a global error that is
formally O(Dt2/Dx2) + O(Dt2) + O(Dx2) + O(Dt4/Dx2) [19]. This expression for the formal error is ‘‘minimized’’ when
Dt = O(Dx2), which yields an O(Dx2) global error.

Using Taylor series expansions centered at (tn,xj) and the PDE, we derive the local truncation error for the DuFort–Frankel
scheme:

2DDt
@4~u
@x4

Dx2

12
� D2Dt2

Dx2

 !
� 2D

Dt3

Dx2 D
@2f
@x2 þ

@f
@t

 !
þ OðDt3Þ þ OðDtDx4Þ þ O

Dt5

Dx2

� �
: ð21Þ

Therefore the optimal time step is Dtopt ¼ Dx2=D
ffiffiffiffiffiffi
12
p

and the defect correction term is 2DDt3 (Dfxx + ft)/Dx2. As with the for-
ward Euler scheme for the diffusion equation, OTS–NIDC boosts the order of accuracy for the DuFort–Frankel scheme from
two to four. Fig. 2(b) shows that OTS–NIDC applied to the DuFort–Frankel scheme achieves the expected boost in accuracy.
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Fig. 2. (a) L1 error as a function of number of grid points for two finite difference schemes that solve the diffusion equation: forward Euler with optimal
time step and defect correction term (circles) and forward Euler with optimal time step without defect correction term (triangles). (b) L1 error in the
numerical solution of the 1D diffusion equation as a function of number of grid points for the DuFort–Frankel scheme with (circles) and without (squares)
OTS–NIDC.
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4.4. Viscous Burgers equation

We now demonstrate the use of OTS–NIDC in the context of a well-studied semilinear PDE – the viscous Burgers equation
[24]:

@u
@t
þ u

@u
@x
¼ m

@2u
@x2 ; ð22Þ

where m is the viscosity. For this equation, let us consider the finite difference scheme constructed using a forward Euler time
integration scheme and second-order, central difference approximations for the diffusion and nonlinear advection terms:

unþ1
j ¼ un

j þ Dt m
un

jþ1 � 2un
j þ un

j�1

Dx2

� �
� un

j

un
jþ1 � un

j�1

2Dx

� �� �
: ð23Þ

This scheme is formally first-order in time and second-order in space. Using the stability condition for the advection–diffu-
sion as a heuristic guide3, we expect a stability constraint of the form Dt 6 Dx2/2m in the limit Dx ? 0 (assuming that the solu-
tion u remains bounded). Therefore, the scheme (23) is O(Dx2) accurate overall.

Using the usual OTS–NIDC analysis procedure, we obtain the local truncation error for (23):
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Aþ OðDt3Þ þ OðDtDx4Þ: ð24Þ

Therefore, the optimal time step is Dtopt = Dx2/6m and the defect correction term is

�Dt2

2
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@~un

@x
@2~un

@x2 � 2~un
j
@2~un

@x2

 !2

� ~un
j

	 
2 @2~un

@x2

0
@

1
A ð25Þ

Note that the optimal time step eliminates errors introduced by both the diffusion term and the nonlinear advection term so
that the highest order spatial derivative in the defect correction terms only is no higher than the highest order spatial deriv-
ative in the original PDE.

By using the optimal time step and the correction term, the overall error for the finite difference scheme (23) is reduced
from O(Dx2) to O(Dx4). As for the diffusion equation, we need to use a second-order accurate discretization for the spatial
derivatives in the correction term. Fig. 3(a) demonstrates the boost in accuracy obtained by applying OTS–NIDC to the finite
difference scheme (23).

The asymptotic computational performance of numerical schemes for the 1D viscous Burgers equation is the same as for
the 1D diffusion equation. Fig. 3(b) shows that the theoretical estimates from Table 1 for the conventional forward Euler and
OTS–NIDC forward Euler algorithms are in good agreement with timing data collected from computational experiments.
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Fig. 3. (a) L1 error as a function of number of grid points for two finite difference schemes that solve the viscous Burgers equation: forward Euler with OTS–
NIDC (circles) and forward Euler with suboptimal time step Dt = Dx2/4m and no correction term (squares). (b) Computation time as a function of L1 error.
These results were obtained using MATLAB implementations of the finite difference schemes run on a dual-core 2.4 GHz MacBook Pro.

3 The stability constraint for the advection–diffusion equation is Dt < min{2D/A2, Dx2/2D} [25].
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Note that the data for the OTS–NIDC scheme bends upwards below an L1 error of about 10�5, which indicates that the
O(1/Dx) work per time step does not dominate the computational work per time step until Dx is sufficiently small.

The Burgers equation example illustrates an important aspect of OTS–NIDC: the ease with which OTS–NIDC can be used
to boost the order of accuracy depends on the choice of the finite difference scheme. Had we chosen an upwind approxima-
tion for the gradient term in the Burgers equation, the correction term would have been more complicated and included
terms involving higher-order spatial derivatives than those that appear in the original equation. While it should be possible
to handle this situation with OTS–NIDC selection, it is clearly less desirable.

4.5. Fourth-order parabolic equation

As a final example in one space dimension, we consider a PDE with high-order spatial derivatives – a fourth-order par-
abolic equation:

@u
@t
¼ �j

@4u
@x4 þ f ðx; tÞ; ð26Þ

where j > 0. This example illustrates the importance of the choice of discretization for the spatial derivative in order for
OTS–NIDC to be applicable.

From our previous examples, we know that optimal time step selection requires the coefficient on leading-order spatial
discretization error to be directly related to the second derivative of the solution u with respect to time:

@2u
@t2 ¼ j2 @

8u
@x8 � j

@4f
@x4 þ

@f
@t
: ð27Þ

Therefore, the leading-order term in the spatial discretization error should involve the eighth-derivative of u, which implies
that the finite difference approximation to the bilaplacian needs to be at least fourth-order accurate. With this insight, let us
consider a finite difference scheme for (26) that uses forward Euler for time integration and a fourth-order central difference
approximation for the bilaplacian:

unþ1
j ¼ un

j þ Dt �jBun þ f n
j

	 

; ð28Þ

where the fourth-order discrete bilaplacian is given by

Bun ¼
�un

jþ3 þ 12un
jþ2 � 39un

jþ1 þ 56un
j � 39un

j�1 þ 12un
j�2 � un

j�3

6Dx4 : ð29Þ

This scheme is formally first-order in time and fourth-order in space. Due to the stability constraint Dt 6 3Dx4/40j, the
scheme is O(Dx4) accurate overall.

Proceeding in the usual way and noting that the central difference approximation to the bilaplacian satisfies

B~un ¼ @
4~u
@x4 �

7Dx4

240
@8~u
@x8 þ OðDx6Þ; ð30Þ

we find that the local truncation error for (28) is given by
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Therefore, the optimal time step is Dtopt = 7Dx4/120j and the correction term is

�Dt2

2
j
@4f
@x4 �

@f
@t

 !
: ð32Þ

Together, these modifications boost the accuracy of the original finite difference scheme from fourth- to sixth-order. As with
the previous examples, the spatial derivatives in the correction term should be computed using a finite difference approx-
imation that is at least second-order accurate. The improved accuracy of (28) when the optimal time step and defect correc-
tion terms are used is illustrated in Fig. 4(a).

Applying optimal time step selection to high-order PDEs requires the use of high-order discretizations of the spatial deriv-
atives. While the need to derive high-order finite difference stencils may seem like an unnecessary burden, it is important to
remember that high-order finite difference schemes for spatial derivatives are almost always necessary to maximize the effi-
ciency of explicit time integration schemes for high-order PDEs4. Optimal time step selection merely provides a valuable way

4 Because restrictive time step constraints are always a major limitation of explicit schemes for time dependent PDEs with high-order spatial derivatives
[19,26], the overall error of finite difference schemes for high-order PDEs is usually dominated by the error introduced by the spatial discretization. As a result,
it is crucial that numerical schemes for high-order PDEs use high-order discretizations for the spatial derivatives.
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to leverage the effort spent deriving high-order finite difference schemes in order to further boost the overall accuracy of the
numerical method.

Table 3 shows the asymptotic computational performance of various finite difference methods for solving Eq. (27). Ob-
serve the dramatic decrease in computational cost as a function of the error by simply replacing a second-order discretiza-
tion for the bilaplacian operator with a fourth-order discretization. For the forward Euler scheme, using an OTS–NIDC drives
the computational cost down even more. The performance plot in Fig. 4(b) shows that the theoretical estimates are in good
agreement with timings from computational experiments. Note that the empirical performance for the forward Euler
schemes is better than theoretically expected because the computational work per time step is not dominated by the
O(1/Dx) update calculations until Dx gets very small.

In Fig. 4(b), observe that the second-order Crank–Nicholson scheme actually outperforms the OTS–NIDC scheme over the
high (but still practically useful) range of errors even though Table 3 predicts that the OTS–NIDC scheme should do better
asymptotically. The origin of this discrepancy is the constants hidden by the big-O notation. In particular, the factor of 7/120
in the optimal time step for the forward Euler scheme with a fourth-order approximation of the bilaplacian leads to a large
hidden constant for the compute time for the OTS–NIDC scheme, and the low cost of inverting the banded-diagonal bilapla-
cian matrix in 1D leads to a relatively small hidden constant in the Crank–Nicholson schemes.

As Fig. 4(b) and (c) show, there is an important advantage to explicit time integration schemes for the fourth-order par-
abolic equation – round-off error associated with matrix inversion does not limit the achievable accuracy of the numerical
solution. In contrast, errors introduced in matrix inversion affects both the second- and fourth-order Crank–Nicholson
schemes.

Comparing the computational cost of the best forward Euler and Crank–Nicholson schemes, we see that the OTS–NIDC
forward Euler scheme more efficiently utilizes memory at the cost of requiring more computation time. This trade off be-
tween memory and computation only exists in one space dimension. In two-dimensions, both schemes require the same
amount of compute time; in three or more space dimensions, the forward Euler scheme requires less compute time than
the Crank–Nicholson scheme.
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Fig. 4. (a) L1 error as a function of number of grid points for four finite difference schemes that solve the fourth-order parabolic Eq. (26): forward Euler with
OTS–NIDC (circles), forward Euler with suboptimal time step and no correction term (squares), Crank–Nicholson with a fourth-order stencil for the
bilaplacian and an O(Dx2) time step (diamonds), and Crank–Nicholson with a second-order stencil for the bilaplacian (triangles). Both forward Euler
schemes use a fourth-order, central finite difference approximation for the bilaplacian. Note that the errors for the forward Euler with suboptimal time step
and fourth-order Crank–Nicholson schemes lie almost directly on top of each other at the resolution of the figures. (b) Computation time as a function of L1

error. These results were obtained using MATLAB implementations of the finite difference schemes run on a dual-core 2.4 GHz MacBook Pro. Note the
impact of round-off error associated with matrix inversion on the accuracy of the solution for the two Crank–Nicholson schemes. (c) Illustration of impact of
round-off error associated with matrix inversion on the accuracy of the solution for the two Crank–Nicholson schemes when N is large.

Table 3
Computational cost as a function of the global numerical error e for various finite difference schemes that numerically solve the 1D fourth-
order parabolic equation. For all finite difference schemes, the time step is chosen so that the temporal error is subdominant to the spatial
error.

Numerical scheme Dx Dt Memory Compute time

Forward Euler with O(e1/2) O(e2) O(e�1/2) O(e�5/2)
second-order Bilaplacian

Forward Euler with O(e1/4) O(e) O(e�1/4) O(e�5/4)
fourth-order Bilaplacian

Forward Euler with O(e1/6) O(e2/3) O(e�1/6) O(e�5/6)
fourth-order Bilaplacian and OTS–NIDC

Crank–Nicholson with O(e1/2) O(e1/2) O(e�1/2) O(e�1)
second-order Bilaplacian

Crank–Nicholson with O(e1/4) O(e1/2) O(e�1/4) O(e�3/4)
fourth-order Bilaplacian
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5. Application to PDEs in multiple space dimensions

OTS–NIDC can be used to boost the order of accuracy for finite difference schemes in any number of space dimensions.
However, several important issues arise for problems in more than one space dimension. These issues are primarily related
to the presence of cross-terms in the discretization error, multiple grid spacing parameters, and the domain geometry. In this
section, we show how OTS–NIDC selection easily overcomes these issues by using it to construct high-order finite difference
schemes for the 2D advection equation and the 2D diffusion equation. It is straightforward to generalize the approach pre-
sented in this section to more space dimensions and to construct methods for semilinear PDEs by incorporating ideas dis-
cussed in Sections 3 and 4.

5.1. Discretization of spatial derivatives

A significant distinction between the error for finite difference schemes in one space dimension and multiple space
dimensions is the presence of cross-terms in the discretization error. Recall that OTS–NIDC requires the leading-order tem-
poral errors to be directly related to the leading-order spatial errors via the PDE. This requirement can be satisfied in one of
two ways:

� By carefully designing the spatial discretization so that the leading-order spatial errors are directly related to the spatial
derivative operators in the PDE; or
� By explicitly adding defect correction terms to cancel out any cross-terms in the discretization error that cannot be elim-

inated by using the PDE.

These two approaches are actually equivalent because the correction terms can be combined with the finite difference
stencils in the original scheme and be viewed as part of an alternate spatial discretization scheme.

5.2. Linear advection equation

For our first application of OTS–NIDC in multiple space dimensions, we consider the two-dimensional advection
equation

@u
@t
þ~A � ru ¼ 0; ð33Þ

where~A ¼ ðAx;AyÞ is the advection velocity. The most interesting and important aspect of this problem is that elimination of
the truncation error requires optimal selection of the grid spacing ratio as well as the time step.

For convenience, let us assume that Ax, Ay > 0. The simple forward Euler scheme for (33) with first-order upwind discret-
izations of the advection terms is

unþ1
i;j ¼ un

i;j � AxDt
un

i;j � un
i�1;j

Dx

� �
� AyDt

un
i;j � un

i;j�1

Dy

� �
: ð34Þ

This method is formally first-order in both space and time with a stability constraint of Dt < (Ax/Dx + Ay/Dy)�1.
To compute the optimal time step and grid spacing ratio, we begin by analyzing the discretization error for (34). As in our

analysis of the finite difference scheme for the one-dimensional advection equation, we retain all of the terms in the discret-
ization error. Using Taylor series expansions and the PDE (33), we find that the truncation error satisfies

AxDt
2

@2~u
@x2 ðDx� AxDtÞ þ AyDt

2
@2~u
@y2 ðDy� AyDtÞ � AxAyDt2 @2~u

@x@y
þ AxDt

Dx

X1
k¼3

ð�DxÞk

k!

@k~un

@xk
þ AyDt

Dy

X1
k¼3

ð�DyÞk

k!

@k~un

@yk

�
X1
k¼3

ð�DtÞk

k!
ðAx@x þ Ay@yÞk~un: ð35Þ

From this expression, we see that choosing the ratio of the grid spacings to be Dx/Dy = Ax/Ay and setting the time step to be
Dtopt = Dx/Ax = Dy/Ay eliminates two of the three leading-order terms in the discretization error5. The last leading-order term
can be eliminated by adding the defect correction terms

AxAyDt2 @2~u
@x@y

: ð36Þ

These choices enable us to boost the order of accuracy for the finite difference scheme (34) from first- to second-order.

5 Note that the use of different values for Dx and Dy is consistent with physical intuition. When computing the upwind derivative in a given coordinate
direction, the upstream value we use should be at a distance that is proportional to the flow speed in that direction. Otherwise, we will be using upstream data
that is too far or too near in one of the coordinate directions.
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With a careful choice of discretization for the correction term, we can boost the order of accuracy even further. Using the
first-order upwind discretization for ~uxy

ðui;j � ui�1;jÞ � ðui;j�1 � ui�1;j�1Þ
DxDy

; ð37Þ

the truncation error (35) becomes

AxDt
2

@2~u
@x2 ðDx�AxDtÞþAyDt

2
@2~u
@y2 ðDy�AyDtÞþ AxDt

DxDy
ðDy�AyDtÞ

X1
k¼3

ð�DxÞk

k!

@k~un

@xk

þ AyDt
DxDy

ðDx�AxDtÞ
X1
k¼3

ð�DyÞk

k!

@k~un

@yk
þAxAyDt2

DxDy

X1
k¼3

Xk

l¼0

ð�1Þk
k

l

� �
DxlDyk�l

k!

@k~un

@xl@yk�l
�
X1
k¼3

ð�DtÞk

k!
ðAx@xþAy@yÞk~un; ð38Þ

which vanishes when the optimal time step and grid spacing ratio are used. In other words, when the defect correction (37)
is used in conjunction with the optimal time step and grid spacing ratio, we obtain a finite difference scheme that introduces
no truncation error at each time step. Fig. 5 demonstrates the amazing accuracy of the defect corrected scheme over the first-
order forward Euler scheme (34) without defect correction. Notice how the sharp corners of the initial conditions are per-
fectly preserved when the optimal time step, optimal grid spacing ratio, and correction term are used. In contrast, the sharp
corners are completely smoothed out in the solution computed using the standard first-order upwind scheme.

It is interesting to push the analysis of the optimal finite difference scheme a little further and examine the defect-cor-
rected finite difference scheme:

unþ1
i;j ¼ un

i;j � AxDt
un

i;j � un
i�1;j

Dx

� �
� AyDt

un
i;j � un

i;j�1

Dy

� �
þ AxAyDt2 ui;j � ui�1;j � ui;j�1 þ ui�1;j�1

DxDy

� �
: ð39Þ

Using the relationship between the optimal time step and the grid spacing ratio, this scheme can be rewritten as

unþ1
i;j ¼ un

i;j �
AxDt

2
un

i;j � un
i�1;j

Dx
þ

un
i;j�1 � un

i�1;j�1

Dx

� �
� AyDt

2
un

i;j � un
i;j�1

Dy
þ

un
i�1;j � un

i�1;j�1

Dy

� �
; ð40Þ

which is essentially a forward Euler time integration scheme with first-order upwind discretizations of the spatial deriva-
tives that are computed using all four upwind neighbors. This formulation of (39) suggests that the highest accuracy finite
difference scheme for the 2D linear advection equation arises by using a fully upwind discretization of the advection terms
with the optimal time step and optimal ratio of grid spacings.

In higher space dimensions, it becomes tedious to carry out the analysis to derive the infinite order accurate finite differ-
ence scheme for the advection equation because many high-order correction terms must be retained. However, it is straight-
forward to generalize (40) to d space dimensions by using first-order discretizations for the spatial derivatives that are
averages over the 2d�1 upwind discretizations in each coordinate direction. As with the two-dimensional problem, the opti-
mal grid spacings satisfy Dxk=Axk

¼ Dtopt for 1 6 k 6 d.
Like the unit CFL condition for the one-dimensional advection equation, the analogue of (40) in any number of space

dimensions could also have been derived by examining how characteristic lines of the d-dimensional advection equation
pass through grid points. For the two-dimensional problem, this perspective becomes apparent when we fully simplify
(40) using the optimal time step and grid spacing ratio to obtain unþ1

i;j ¼ un
i�1;j�1.
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Fig. 5. Comparison of numerical solutions for the 2D advection Eq. (33) using forward Euler time stepping with OTS–NIDC (left) and forward Euler time
stepping with suboptimal time step (right). The latter scheme uses a time step Dt = Dx/2 (jAxj + jAyj). Both figures show the numerical solution at the same
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5.3. Diffusion equation

As for PDEs in one space dimension, achieving infinite order accuracy through OTS–NIDC is unique to the advection equa-
tion. To illustrate the typical accuracy boost gained by using OTS–NIDC, we apply it to the 2D diffusion equation. This exam-
ple underscores the need to carefully choose the discretization for the spatial derivatives for problems in more than one
space dimension and demonstrates the ease with which OTS–NIDC selection can be applied to problems on irregular
domains.

In two space dimensions, the diffusion equation may be written as

@u
@t
¼ Dr2uþ f ðx; y; tÞ: ð41Þ

The most common finite difference schemes for (41) employ a five-point, second-order central difference stencil for the
Laplacian:

L5ptu ¼ ui;jþ1 þ ui;j�1 þ uiþ1;j þ ui�1;j � 4ui;j

Dx2 ; ð42Þ

which assumes that the grid spacing in the x and y directions are equal. The forward Euler scheme using the five-point stencil
is given by

unþ1
i;j ¼ un

i;j þ Dt DL5ptuþ f n
i;j

	 

: ð43Þ

This scheme is formally first-order in time and second-order in space. The stability constraint Dt 6 Dx2/4D implies that this
scheme is O(Dx2) accurate overall.

While it is certainly possible to directly apply OTS–NIDC to (43), we would be forced to use additional defect correction
terms to deal with the fact that the leading-order error for (42), Dx2ð~uxxxx þ ~uyyyyÞ=12Dx2ð~uxxxx þ ~uyyyyÞ=12, cannot be directly
related to the spatial derivative operator in the diffusion equation. The analysis is more straightforward if we construct our
finite difference scheme using the nine-point stencil for the Laplacian [17,27], which possesses a leading-order error directly
related to the spatial derivative operator in the PDE (41):

L9ptu ¼ 1
6Dx2

uiþ1;jþ1 þ uiþ1;j�1 þ ui�1;jþ1 þ ui�1;j�1 þ 4uiþ1;j þ 4ui�1;j þ 4ui;jþ1 þ 4ui;j�1 � 20ui;jð Þ: ð44Þ

Observe that the nine-point stencil is simply the standard five-point stencil plus Dx2/6 times a second-order, central differ-
ence approximation to uxxyy. Therefore, the error in the nine-point stencil is Dx2

12 r
4uþ OðDx4Þ. The forward Euler scheme that

uses the nine-point discretization of the Laplacian is also O(Dx2) accurate overall because it has a stability constraint
Dt 6 3Dx2/8D = O(Dx2). It is worth noting that use of a nine-point stencil for the Laplacian naturally arises when directly
applying OTS–NIDC to the five-point scheme if the defect correction term is interpreted as a modification to the original spa-
tial discretization.

Analyzing the finite difference scheme based on the nine-point stencil for the Laplacian, we find that the leading-order
terms of the local truncation error is

r4~u
Dx2

12
� DDt

2

� �
ðDDtÞ � Dt2

2
Dr2f þ @f

@t

� �
þ OðDt3Þ þ OðDtDx4Þ: ð45Þ

Therefore, the optimal time step and defect correction terms are Dtopt = Dx2/6D and Dt2(Dr2 f + ft), respectively. The result-
ing OTS–NIDC scheme that fourth-order accurate. It is interesting to note that the optimal time step for the forward Euler
scheme for the diffusion equation is independent of the number of spatial dimensions.

The improvement in the accuracy of the forward Euler scheme with OTS–NIDC is shown in Fig. 6(a). Fig. 6(b) shows that
the scaling of the computational time with the error is in good agreement with the theoretical estimates given in Table 2. As
with the other examples, the forward Euler scheme with OTS–NIDC is much more computationally efficient than the two
other schemes.

5.3.1. Irregular domains
All of the examples we have considered so far share an important feature: they are all defined on simple, rectangular do-

mains. Any of several methods could have been used to obtain solutions with similar or even higher accuracy. When the
domain is irregularly shaped, high-order methods are harder to design and implement. In this section, we extend the
OTS–NIDC finite difference scheme for the 2D diffusion equation on regular domains to irregular domains. Other researchers
have developed fourth-order accurate methods for the diffusion equation on irregular domains [3,4]. However, these earlier
methods require a wider ghost cell region [3], use implicit time integration [3,4], or involve a more complex calculation for
the boundary conditions [4]. As we shall see, it is possible to achieve fourth-order accuracy for the diffusion equation on
irregular domains using only forward Euler integration and a compact, second-order stencil for the Laplacian.

To avoid the need for special stencils at grid points near the irregular boundary, we adopt the ‘ghost cell’ approach for
imposing boundary conditions [3,4,15,16]. The main challenge in using the ghost cell method is ensuring ghost cells are filled
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using a sufficiently high-order extrapolation scheme. Fig. 7 shows examples of ghost cells that lie in the vicinity of an irreg-
ular boundary. Notice that there are two types of ghost cells: edge and corner. Edge and corner ghost cells are distinguished
by the relative position of the nearest interior grid point. An edge ghost cell is linked to its nearest interior neighbor by an
edge of the computational grid whereas a corner ghost cell and its nearest interior neighbor lie on the opposite corners of a
grid cell.

To set the value of u in each edge ghost cell, we use 1D cubic (i.e. fourth-order accurate) extrapolation of the values of u
across the interface. A cubic Lagrange interpolant is constructed for each edge ghost cell using a point on the domain bound-
ary and three interior grid points that lie along the line parallel to the edge connecting the ghost cell to its nearest interior
neighbor (see Fig. 7)6. Because the quality of the interpolant deteriorates if the boundary point uB is too close to any of the inte-
rior grid points used to construct the Lagrange extrapolant, we follow [3] and choose the interior grid points so that the nearest
interior grid point is sufficiently far from the boundary point. Without this procedure, the errors introduced in the values of the
ghost cells lead to instability of the numerical method. Gibou et al. suggest shifting the interpolation points by one grid point
when the distance between the boundary point and the nearest interior grid point is less than Dx2 [3]. For the numerical scheme
presented in this article, this threshold was too low. Better stability was obtained if an O(Dx) threshold was used.

To set the value of u in a corner ghost cell, we use a fourth-order accurate Taylor series expansion of u centered at the
nearest interior neighbor. The partial derivatives in the Taylor series expansion are approximated using finite differences
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finite difference schemes that solve the 2D diffusion equation: forward Euler with OTS–NIDC (circles), forward Euler with suboptimal time step (squares),
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MATLAB implementations of the finite difference schemes run on a dual-core 2.4 GHz MacBook Pro.
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Fig. 7. Illustrations of edge (left) and corner (right) ghost cells. The edge ghost cell, uE, is filled by using cubic extrapolation of the value on the boundary, uB,
and values at three interior grid points. The corner ghost cell, uC, is filled by using a fourth-order accurate Taylor series expansion centered at u0, 0, which
uses the values of u at the specified interior grid points and neighboring edge ghost cells to approximate the partial derivatives in the expansion.

6 If a level set representation of the boundary [16] is used, the location of the point uB can be calculated by inverting the linear interpolant of / that passes
through the ghost cell and its nearest interior neighbor. We found that using higher-order interpolants to locate boundary points was unnecessary for achieving
high-order accuracy in the computed solution.
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constructed from the values of u at interior grid points and the neighboring edge ghost cells (see Fig. 7). For the corner ghost
cell shown in Fig. 7, the extrapolation stencil is given by

uC ¼ �4u0;0 � u�1;�1 þ 2u1;0 þ 2u0;1 � u1;�1 � u�1;1 þ 2u0;�1 þ 2u�1;0; ð46Þ

where uC and ui, j are indicated in the figure. The stencils for corner ghost cells that are in other positions relative to the inte-
rior of the domain are obtained by rotations of Fig. 7 and remapping of the indices in the above stencil.

Using these methods for filling edge and corner ghost cells, it is straightforward to compute high-order accurate solutions
of the 2D diffusion equation on irregular domains. We simply use the OTS–NIDC forward Euler scheme designed for regular
domains for grid points in the interior of the domain after filling the ghost cells with high-order accurate values. Fig. 8 shows
an example of a solution computed on a starfish shaped domain. It also shows that the error in the solution is concentrated
near the boundaries of the irregular domain. The improved accuracy and performance of the OTS–NIDC solution compared to
a simple forward Euler scheme with a suboptimal time step are illustrated in Fig. 9(a) and (b).

5.3.2. Diffusion equation in higher dimensions
Using OTS–NIDC to boost the accuracy of finite difference schemes for the diffusion equation in higher space dimensions

is straightforward. As for the 2D problem, the key step is identification of a finite difference stencil for the Laplacian that has
an isotropic discretization error. For 3D problems, a catalog of several such stencils is available in [27]. For higher dimensional
problems, one simple approach for deriving an isotropic finite difference stencil for the Laplacian would be to start with the
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generalization of the standard five point stencil for the 2D Laplacian and add finite difference approximations for the missing
cross terms that are required to make the leading-order error isotropic (i.e. proportional to the bilaplacian of the solution).
Because the missing terms are all of the form

Dx2

6
@4u

@x2
i @x2

j

 !
; ð47Þ

this approach is relatively easy to use. To derive finite difference approximations with more general or complex properties,
symbolic algebra software can be helpful [27,28].

Once an acceptable finite difference approximation for the Laplacian has been chosen, the usual OTS analysis yields an
optimal time step of Dtopt = Dx2/6D for forward Euler time integration and a boost of the order of accuracy from two to four.
Above three dimensions, the optimal time step is no longer stable, and the forward Euler scheme should be replaced with the
DuFort–Frankel scheme (see Section 4.3.1).

Problems on irregular domains can be handled using the ghost cell approach. While the derivation of high accuracy sten-
cils for ghost cells becomes more tedious, the general approach is the same as for the 2D problem. The ghost cells can first be
grouped into separate classes based on the number of grid cell edges that must be traversed to reach the nearest interior
neighbor. The values in the ghost cells can then be set in order starting with those directly connected to their nearest interior
neighbor and ending with those whose nearest interior neighbor is on the opposite corner of a grid cell. Here, too, symbolic
algebra programs can be helpful when deriving methods for extrapolating interior and boundary values to ghost cells.

6. Conclusions

In this article, we have presented OTS–NIDC, a simple approach for constructing high-order finite difference methods for
time dependent PDEs without requiring the use of high-order stencils or high-order time integration schemes. The essential
idea underlying OTS selection is that leading order spatial and temporal discretization errors with the highest order deriv-
atives can be simultaneously eliminated by optimally selecting numerical discretization parameters. Any terms in the trun-
cation error that remain are handled in a straightforward manner using non-iterative defect correction. The boost in the
order of accuracy achieved by using OTS–NIDC is well worth the extra effort required to derive the optimal time step and
defect correction terms. In fact, the amount of analysis required to compute the OTS and correction terms is comparable
to traditional defect/deferred correction and modified equation methods.

Through many examples, we have demonstrated the utility of OTS–NIDC to several types of finite difference schemes for a
wide range of problems. We showed how OTS–NIDC can be used to very easily obtain high-order accurate solutions to many
linear and semilinear PDEs in any number of space dimensions on both regular and irregular domains. The examples illus-
trate the high-order of accuracy that can be achieved using only low-order discretizations for spatial derivatives and simple
forward Euler time integration. They also demonstrate the applicability of OTS–NIDC to more exotic finite difference
schemes, such as the Kreiss–Petersson–Yström discretization of the second-order wave equation and the DuFort–Frankel
scheme for the diffusion equation.

The work presented in this article suggest several potential areas for future research. First, because explicit time integra-
tion schemes tend to be easier to implement and appear to be more suited to modern graphics processing unit (GPU) hard-
ware architectures, it would be interesting to explore application of OTS–NIDC to GPU implementations of numerical
algorithms for time dependent PDEs. Second, while it is straightforward to derive of the optimal time step and defect cor-
rection terms by using Taylor series expansions, the process can be tedious and error-prone. It would be valuable to use mod-
ern symbolic algebra software to develop tools to help automate the process. Finally, the accuracy results for the fourth-
order parabolic equation suggest that it may be prudent to empirically revisit the question of accuracy of numerical algo-
rithms based on implicit time integration for problems involving high-order spatial derivatives.
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